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ABSTRACT

Rapidtemporalvariationsin fadingwirelesschannelsposea sig-
nificantchallengefor space-timemodulationandcodingalgorithms.
In thispaper, weexaminetheperformancedegradationthatresults
whenfastfadingis encountered.We considertwo models.First,
we examine a constantchannelof arbitrary length that experi-
encesrandomvariationsbetweenframes(asmightoccurin atime-
division multiple accesssystem). Second,we adopta model in
whichthechannelis constantovereachspace-timesymbolperiod,
but variesbetweensymbolsaccordingto a first-orderAR model.
For bothcases,we find a performancefloor at high SNRfor both
trainedand differential unitary space-timemodulation. Though
trainedmodulationprovidesanadvantageat low SNR,differential
codingcanprovideasignificantadvantageathighSNRwherethe
effectsof the changingchanneldominate.Simulationresultsare
providedto supportouranalysis.

1. INTRODUCTION

Communicationsystemswith multiple transmitandreceiveanten-
naspromisehigh datarateswith low probability of error [1, 2].
For the single antennacaseat high signal-to-noiseratio (SNR),
capacityincreasesonebit/s/Hz per threedb increasein SNR. In
contrast,for M transmitandN receive antennas,the capacityin-
creases���������
	��� bits/s/Hzper threedb increasein SNR.This
exciting result is derived underthe assumptionthat the receiver
knows theRayleighfadingcoefficient betweeneachtransmitand
receiveantenna,andthatthey areindependentlydistributed.

Knowledgeof thechannelcoefficientsat thereceiver is anon-
trivial assumption;typically a training signal is sentfrom which
the channelis estimatedandusedfor decodingsubsequentsym-
bols, until the channelhas changedenoughto require training
again. The numberof channeluses��� over which the channel
is approximatelyconstantis known asthecoherence interval. As
thenumberof antennasusedandthespeedof fadingincrease,the
fraction of the coherenceinterval that must be usedfor training
increases.This obviously decreasesthe availabledatarate, and
motivatesinterestin schemesthat do not requireexplicit knowl-
edgeof thechannelcoefficientsat thereceiver.

Marzettaand Hochwald have studiedsituationswhere nei-
ther thetransmitternor receiver know thechannel[3]. Assuming
piecewise-constantchannelcoefficients,they proposedsignalcon-
stellationscomposedof unitarymatricesasameansto achieveca-
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pacityat high SNR.Thesecanbeseenasmultiple-antennagener-
alizationsof phase-shiftkeying (PSK)for scalarchannels.Hughes
[4] andHochwald et al. [5] apply thesesignalsto the unknown
channelby extendingdifferentialphase-shiftkeying (DPSK)ideas
to the multiple antennacase. Tarokh also discussesdifferential
modulationwith orthogonalsignalsin [6].

The piecewise-constantmodel for the time-varying channel
coefficientsassumedin thesepapersis usefulfor several reasons.
It accuratelydescribestheway a channelmight appearin a time-
division multiple accessor frequency-hoppingsystem,andits ef-
fectsaresimpleto analyze.In otherapplications,however, its in-
ability toaccountfor thememoryof thechannelmakeit lessattrac-
tive. To incorporatechannelmemoryinto our analysis,we adopt
a first-orderauto-regressive (AR) modelfor thetime-variationsof
thechannelcoefficients.

We first analyzethehigh-SNRperformanceof unitaryspace-
time coding[3, 5] with thepiecewise-constantassumption.Then
theAR modelof thetime-varyingcoefficientsis usedto accurately
describecontinuousfading,andprovide an explicit SNR ceiling
beyond which increasingpower provides no benefit. For �������� , our high-SNRerror floor reducesto that of Korn [7].
Our analysisis basedon the useof unitary signal matrices[3],
whichallowsusto combinetheAR inputwith theadditivenoiseof
thechannelequationto effectively createanoisetermwith higher
power.

2. BACKGROUND

In this sectionwe describeblock unitary spacetime codingover
thestandardRayleighfadingchannel.Wethendiscussapplication
of a first-orderAR processto modelsof the mobile fadingchan-
nel. In what follows, we let ��� ����	��� denotea zero-mean,unit-
variance,circularlysymmetriccomplex Gaussiandistribution. We
will call a matrix isotropically distributed (i.d.) if its elementsare��� ����	��� randomvariables.

2.1. Unitary Space-Time Coding for Rayleigh Fading

This work appliesto a Rayleighflat-fadingcommunicationsenvi-
ronmentwith multiple transmitandreceive antennas.Eachtrans-
mit antennais connectedwith eachreceive antennathroughan
independentcomplex channelcoefficient. Thesechannelcoeffi-
cientsare assumedto be independentfrom elementto element
acrossthe antennaarray, but dependentwith time. At eachre-
ceive antenna,interferenceandotherdisturbancesaddtemporally
andspatiallyindependentnoiseto thesignal.
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We formalizethesestatementsusingnotationsimilar to that
in [5]: for � � �!	#"�"$"�	%� transmit,and & �'�(	�"$"$"�	%� receive
antennas,at time instants) �*�!	,+-	�"$"$"�	 � , thechannelcoefficient
is .0/21 3�1 4657��� ����	��� . The noise 894:1 3 is also ��� ����	#�� . For a
transmittedsignal ; 4:1 / , thesignalat eachreceive antennais writ-
ten < 4�1 3 �*= >� ?@/BADC .0/E1 3�1 4�;�4:1 /GFH894:1 3 " (1)

The valuesin this expressionarenormalizedso that > represents
theSNRexpectedateachreceiveantenna,anddoesnotdependon
thenumberof transmitantennas.

The channelequationin (1) allows for differentchannelco-
efficientsat every time instant. Onecommonsimplificationis to
assumethatthechannelis constantfor � consecutivesamples,and
expresstheoperationof thechannelin matrix form:IKJ �*= >�ML JONKJ FGP J 	 (2)

where
I J

and P J are �RQ � matricesconstructedfrom < 4:1 3 and8 4:1 3 , L J is a �SQ � matrix constructedfrom ; 4:1 / , and
N J

is a� Q � matrixformedfrom .0/E1 3 . Wereferto L J asthespace-time
symbol transmittedat time T , andthe subscripton

N J
indicates

thatthechannelwill, in general,bedifferentfrom symbolto sym-
bol. Modulationandperformanceusingthis modelarediscussed
in [3] and[8] for bothknown andunknown channels.

A commonassumptionis that the receiver knows the chan-
nel. This knowledgeis usually obtainedby transmittingknown
symbols,which thereceiverusesto estimatethechannel.Thises-
timateis thenusedfor decodingUMV � subsequentsymbolsover
which thechannelis assumedto beconstant.Wewill referto this
astrained,or known channelmodulation.

Onemethodof modulationwith anunknown channelis differ-
entialunitaryspace-timemodulation[4, 5]. Thisschemeusesdata
at thecurrentandprevious time instantsfor encodinganddecod-
ing. Thechannelmatricesareassumedequalat times T and TWV �
andaredenotedwithoutsubscriptby

N
. Thecurrentsignalmatrix

is aunitaryrotationof theprevioussignal; L J �
X0Y�Z L J![ C , where\ J^] ��	$"$"�"�	%_ V � indexestheunitaryconstellationmatrix to be
transmitted.Usingthesedefinitions,andworkingwith thecurrent
receiveddata ` J , thefollowing expressionsareobtainedin [5]:` J � = >� X Y�Z L J![ C N FGP J F �a� V ���X Y�Z P J![ C (3)� X Y�Z ` J![ CbFcP J V X Y�Z P J![ C (4)� X0Y Z ` J![ C Fed +�fP J " (5)

In (3), X Y�Z P J![ C is addedandsubtractedfrom (2), resultingin (4)
whichdoesnotexplicitly dependon

N
. Finally, becausethenoise

matricesarestatisticallyinvariantto multiplicationby unitaryma-
trices,(5) is obtained,whichis calledthe“fundamentaldifferential
receiverequation”in [5].

Becausethe effective channel( ` J![ C ) hassignal strength> ,
thesystemhasaneffective signalto noiseratio of g � >ih + . This
factorof + is themultiple-antennaanalogof thewell-known three
db lossin performancewhenusingDPSKversuscoherentPSK.

2.2. Auto-regressive Fading Channel Model

In Section4, we will analyzetheperformanceof differentialuni-
tary space-timemodulationundertheassumptionthatthechannel

matrixvariesaccordingto thefollowing first-orderAR model:N J � d j N J![ C F d � V jDk J 	 (6)

where
NKl

and k J arei.d., k J is independentfrom symbolto sym-
bol, j ]nm and �po j o7� . Underthis model,eachelementofNKJ

haszeromeanandunit variance.
The one-stepAR modelin (6) canbe extendedto predict U

stepsin thefutureasfollows:NKJ � d jrq NsJ![ q F
t � V jrqvuk J "
However, in this model, uk J is temporallycorrelated,a fact that
wouldconsiderablycomplicateouranalysis.Instead,wechoosea
simplerapproachin whichthechannelis modeledusinganexplicitU -steppredictorfor eachU :NKJ � d j q NsJ![ q F d � V j q fk J 	 (7)

wheretheelementsof fk J are��� ����	$�� andtemporallywhite. The
only difficulty with this approachis that somemethodmust be
usedto choosej q in a reasonableway. We solve this problem
by matchingtheautocorrelationfunctionof theAR processto that
predictedusingJakes’well-known model[9].

UnderJakes’ model,the autocorrelationfunctionof a fading
process. /E1 3�1 J is gxw�w � ) B�zy l ��+�{b| )  , where y l �a}  is thezeroth-
orderBesselfunctionof thefirst kind, |p�S|�~ ��� , | � is themaxi-
mumDopplerfrequency in thefadingenvironment,and � � is the
samplingperiod.SolvingtheYule-Walkerequationsfor j q in the
first-orderAR process(7) givesj q ��� gxw�w � �EU gxw�w ���O
�i� ��y l ��+ �EU {�|� � " (8)

TheAR modelis a very goodapproximationto Jakes’ modelfor
realistic(small)valuesof | . This fact is borneout by thesimula-
tion resultsof Section5, whereexcellentagreementwasobtained
with datageneratedaccordingto Jakes’ model,but analyzedwith
theAR modelusing(8).

3. PERFORMANCE FOR THE PIECEWISE-CONSTANT
CHANNEL

The piecewise-constantchannelmodel providesa gooddescrip-
tion of the time-division multiple accessandfrequency hopping
channels,andis usefulevenfor slowly fadingprocesses[8]. Note
that in [5] and[8], � representsthe lengthof the coherencein-
terval, aswell asthe lengthof thespace-timecodesused. In our
developmentbelow, � will be usedto indicatethe lengthof the
codesused,while ��� will indicatethe coherenceinterval of the
channel.In general,wewill allow ���� � � .

Therearetwo sourcesof error for space-timemodulationin
theRayleighflat-fadingchannel:channeltime variationsandad-
ditive noise. At high SNR, the probability of error will be dom-
inatedby the variationof the channel. If the piecewise-constant
modelholdsexactlyandtheSNRis highenough,theonly timean
errorwill occuris at thetransitionbetweenonecoherenceinterval
andanother.

Figure 1 illustrateshow training and errors occur with the
piecewise-constantchannelwhentheSNRis high. Weassumethat
the channelis estimatedduring the first symbol of a U -symbol
frame(recall that each“symbol” is actuallya ��Q � matrix of
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Fig. 1. Errorson thehigh-SNRpiecewise-constantchannel.

transmittedsignaldata). We areinterestedin theprobability that
the U th symbolafter the startof training is in error. If thereare_ symbolsin oursignalconstellation,thenthesymbolsfrom time��� (whenthechannelchanges)until thenext traininginterval are
assumedtobein errorwith probability ��_ V �� h _ (symbolsin error
areshown asshadedin thefigure).Theseerrorsoccurperiodically
with period _ � , the leastcommonmultiple of � � and U�� . TheU th symbolis possiblyin error &�V � times,where& ��_ � h � � ,
over a total of � �
_ � h � U��  symbols,for aprobabilityof error
of �b� � &�V �� � _ V �_ U���� ���� V �_ ��� "

If U�� divides ��� then the training exactly matchesthe co-
herenceinterval, andtherewill beno errorsdueto thechannel.IfU �7+ , thenwhen � � is odd,

� � ����� [ C:���� �x� , which (aswe will
seein the next section)is the probabilityof error for differential
coding. Oneinterestingfact is thatwhile the probabilityof error
at low SNRdependsononthenumberof receiveantennas,it does
notat highSNR.

For differentialunitary space-timemodulationat high SNR,
anerroroccursonceacoherenceinterval, whenthepreviouschan-
nel is not thesameasthecurrentchannel.Thenumberof symbols
per coherenceinterval is ��� h � , thus the probability of error is
�b� � ��� [ C:���� � � . Note that becausethe known channelmust use
trainingto obtainachannelestimatewhich it will usefor U sym-
bols,thehigh-SNRprobabilityof errorfor thetrainedchannelwill
beabout U timeslargerthanthat for theunknown channelat theU th symbolafter training. This is in contrastto the threedb ad-
vantageof trainedmodulationat low SNR.

4. PERFORMANCE FOR THE AUTO-REGRESSIVE
TIME-VARYING CHANNEL

Methodsthat estimatethe channelusing training dataimplicitly
assumethat the channelis piecewise-constant;i.e., it is assumed
that the training-basedchannelestimateis “good” until the next
traininginterval. Of course,no wirelesschannelis truly constant
overany timeperiod,andthelongertheinterval sincethelasttrain-
ing datawassent,themorethechannelestimatewill differ from
thetruth. To moreaccuratelymodeltheeffectsof a time-varying
channel,weassumein thissectionthatthechannelis constantover
eachsymbol,but variesbetweensymbolsaccordingto the first-
orderAR modelintroducedin Section2. The following theorem
quantifiesthereductionin effective SNR (ESNR)thatresultsunder
this time-varyingchannelmodel.

Theorem 1 (ESNR for trained modulation). Given the data mo-
del of (2), assume that the channel varies according to (7) with AR
parameter j q . If unitary space-time modulation is implemented
with a training-based channel estimate, the effective SNR for the

U th symbol after training is> � � > 	 j q �� > j q� F �a� V j q  > � h � o > 	 (9)

where the subscript � on > � indicates trained modulation.

Proof. TheAR modelof (7) is usedto describehow thechannel
haschangedsincethetrainingdatawastransmitted.Substituting
this into thechannelmodel(2) yieldsI 4 �*= >� L 4�� d j q N 4 [ q F d � V j q fk 4�� FcP 4 " (10)

Becausethestatisticsof ani. d. matrixareinvariantto multiplica-
tion by a unitarymatrix, we combinek 4 and P 4 by addingvari-
ancesto obtainI 4 � = j q >� L 4 N 4 [ q F t � F > � h �S�a� V j q  fP 4 	 (11)

where fPp4 hasthesamestatisticalpropertiesas P�4 . By normaliz-
ing theequationso that thenoisehasunit variance,we obtainan
expressionfrom which theESNRin equation(9) is easilyidenti-
fied: ` 4 �S  >ih � j q� F > � h �*�a� V j q  L 4 N 4 [ q F fP 4 " (12)

Combiningtheeffectsof noiseandchanneltime-variationinto
a singleparameterprovidesa straightforward link with previous
work that assumesa piecewise-constantchannel. In essence,we
cantreatthetime-varyingcaseusingatime-invariantchannelmodel
with a lower effective SNR.The probabilityof error expressions
andmaximum-likelihooddecoderspresentedin [3, 5] canthenbe
directly appliedby simply replacingthetrueSNR > by theESNR> � .

Notethat,in thelimit asthechannelbecomesconstant( j qR¡� ), theESNRconvergesfrom below to theoriginalSNRdueonly
to theadditive noise,asdesired:¢ ���£�¤¦¥ C > � � > "
Forafastfadingchannelthatvariesrandomlyfromsymboltosym-
bol ( j q ¡ � ), then > � ¡ � . As the SNRincreases,theESNR
becomesafunctiononly of thefadingparameters,andis indepen-
dentof > : ¢ �§�¨#¥�© > � � � � j q� V j q " (13)

This confirmsthe intuition that aswe increasethe power to the
system,errorsdue to thermaland other noisewill becomeless
significant,andperformancewill bedominatedby errorsinduced
by thechangingchannel.

Thederivationof thedifferentialreceiver equation(5) in Sec-
tion 2.1assumesthatthechannelis constantfor overlappingperi-
odsof � �7+!� time instants.A simpleinductive argumentcan
beusedto show that if thechannelis constantfor two symbolsat
symbolT , thenatsymbolTDF � it musthavebeenconstantfor three
symbols,andsoon. Clearly therearelimitationsto this assump-
tion: theonly way that it canhold in practiceis if thechannelis
in factconstant.In this section,we usetheAR channelmodelto
obtainamorerealisticresult,asoutlinedin thefollowing theorem.

3



Theorem 2 (ESNR for differential modulation). Given the data
model of (2), assume that the channel varies according to (7) with
AR parameter j . If differential unitary space-time modulation is
implemented, the effective SNR is>iª � > 	 j «� j >� F j F �a� V j  > � h � oS> + 	 (14)

where the subscript ¬ on > ª indicates differential modulation.

Proof. Using(2) and(7) with AR parameterj , wecanwrite` J![ C � = >� L J![ C NKJ![ C�FGP J![ C
` J � = >� X0Y Z L J![ C� d j N J![ C F d � V jDk JO® FeP J 	

wherewe have used L J �¯X0Y�Z L J![ C for differentialmodulation.
After addingandsubtractingd j X Y�Z P J![ C weobtain` J � d j X0Y Z � = >�°L J![ C N J![ C FGP J![ C � FcP J Fd � V j X Y�Z = >�ML J![ C k J V d j X Y�Z P J![ C "
Noting that the term in parenthesesis ` J![ C andthat multiplica-
tion by unitarymatricesdoesnot changethestatisticsof thenoise
matrices,weobtain` J � d j X Y�Z ` J![ C�F�� t � F j F �a� V j  > � h � � fP J " (15)

Normalizingto obtainunit variancenoise,andnotingthat theef-
fective channel( ` J![ C ) hassignalpower > , the result in (14) is
established.

Notethat,asexpected,

¢ �§� £�¥ C > ª � >ih + , and¢ �§�¨#¥�© >iª � � � j� V j " (16)

Equation(15) is theanalogof (5) in Section2.1. As in theknown
channelcase,the effective SNR >iª canbe usedin placeof the
trueSNR in theprobabilityof errorexpressionsin [3] andin the
capacityexpressionsderived in [8] for differentialunitary space-
timemodulation.

5. SIMULATION RESULTS

We have presentedanalyticresultsquantifyingperformancefor a
continuouslyvaryingfadingchannelwith memory, aswell asper-
formancein thehighSNRregionfor apiecewise-constantchannel.
We now presentsimulationresultsthat supportour analysis.We
focuson theprobabilityof symbolerrorwhenusingthediagonal
codespresentedin [5]. In particular, we will use _G��+ signalsin
ourconstellationswhichconsistsimplyof theidentityandnegative
identity matrices.Thoughour resultshold truefor all unitarysig-
nal matrices,we usetheseconstellationsbecauseof the resulting
simpleanalyticexpressionsfor probabilityof error. In thefigures
thatfollow, a squareor circle indicatesasimulationresultfor that
SNR value. We generatedchannelcoefficientsthat obey the two
channelmodels,andsimulatedthemwith six million symbolsat
eachSNRvalueshown to calculatetheprobabilityof errorresults.
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Known: K=4, T=1000.00

Fig. 2. Resultsfor �±��+�	,� ��+ with piecewise-constantchan-
nel coefficients.

In Section3, we notedthat for thepiecewise-constantmodel
athighSNR,theperformanceof bothtrainedanddifferentialmod-
ulationdependsprimarily on thecoherenceperiod ��� , ratherthan
on SNR. Specificallythe probability of symbolerror with an _
symbolconstellationas > ¡ � is ��_ V �� h _ . For _n��+ , ���
+ ,
and � �²� , the high SNR probability of error for trainedand
differentialmodulationis U �a� h � � V � h _ �  and � h � � respec-
tively. In Figure2 weseethattheseresultsholdtruein simulation.
In this figure,thesolid linesinterpolatetheresultsof simulations,
while the dashedline shows the high-SNRerror floor for differ-
ential modulation. Note that for U �´³ the coherenceinterval
of ��� �M���(�!� is divisible by �EU �¶µ so thereis no errorfloor
for trainedmodulation.In this casethereis no pointat which dif-
ferential modulationgives bettererror performancethan trained
modulation.

In Section4 we condensedthepertinentinformationfrom the
continuouslytime-varyingchannelinto anESNRparameterwhich
is a functionof trueSNRandthefirst-orderAR coefficient of the
time-varying channelmodel. Figure3 illustratesour resultsfor�·�¯+ transmitantennas,�¸�¹+ receive antennas,training in-
terval U �°³ , anda fadingparameterof |v�M��" �!º . Useof the
ESNRparameterwith j q from (8) in placeof thetrueSNRin the
probabilityof errorexpressionsin [3] givestheanalyticresultsfor
trainedanddifferentialmodulationshown with the dashedlines.
The solid lines give the resultsof simulationswith channelco-
efficientswhich obey Jakes’ model. Our analyticandsimulation
resultsmatchwell for bothdifferentialandtrainedmodulation.

Figure4 shows performanceof differentialmodulationwith�»��+ , �¼�½� , U �'º , andusingJakes’ modelwith fading
parameters|��¸¾ ��" �O¿À��" �O+À��" ���ÂÁ . We seethat as the temporal
variability of thechannelincreases,thehigh-SNRerrorfloor also
increases.In addition,theSNRabove whichperformanceis dom-
inatedby thechanneldecreasesasthefadingparameterincreases,
assuggestedby (16). Oursimulationandanalysismatchverywell,
with thelargestdifferenceat |À�R��" �O¿ , wheretheassumptionthat
thechannelis constantoveranentiresymbolis lesscorrectthanat
theslower fadingparameters|Ã�*¾ ��" �O+2��" ���ÂÁ .
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6. CONCLUSIONS

Previousresearchin space-timemodulationhastypically assumed
channelsthat are constantfor two or more symbol periods. In
this paper, we have examinedthe performancedegradationthat
resultswhenthis assumptionis violated. We first obtainedhigh-
SNRprobabilityof errormeasuresfor bothtrainedanddifferential
modulationunderapiecewiseconstantchannelmodelfor thegen-
eral casewherethesymbolperiodis not necessarilyequalto the
coherenceinterval. It is interestingto note that for this model,
theresultingprobabilityof errorexpressionsdonotdependon the
numberof receive antennas.Comparisonsbetweentheresultsfor
trainedand differentialmodulationrevealsthat if the coherence
interval is not a multiple of the training period, thendifferential
modulationgivesbetterhigh-SNRperformance.Thisanalysisap-
pliesnotonly whenusingunitarysignalmatrices,but to all signals
obeying (2).

Auto-regressivemodelingof thechannelvariationsallowedus

to derive expressionsfor effective SNR (ESNR)thatcombinethe
effectsof the changingchannelandthe additive noiseinto a sin-
gle scalarvaluewhenusingunitary signalmatrices. The ESNR
canbeusedin placeof thenoise-onlySNRto analyzetheeffects
of a time-varyingchannelusingexpressionsderivedassumingthe
channelto beconstant.ComparingESNRexpressionsfor trained
anddifferentialmodulation,we areable to determinethe signal
power that is requiredin orderfor differentialmodulationto out-
performtrainedmodulation.Usingprobabilityof symbolerroras
our metric,wevalidatedour analysiswith severalsimulations.

Futureareasof researchincludeaninvestigationof thecapac-
ity obtainedwith thesetwo channelmodels.Work on capacityso
far hasfocusedon the casewerethe lengthof a symbolis equal
to thecoherenceinterval [8]. Allowing thecoherenceinterval and
symbollengthto bedifferentwouldchangetheseresults,aswould
theuseof theAR channelmodelassumedin thispaper. A general-
izationof thepiecewise-constantchannelwith AR variationto one
whichallowsthechanneltochangeateachtimesamplewouldalso
beusefulfor situationswith a largenumberof antennas(wherea
longercoherencetime is required)aswell.
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