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ABSTRACT

Rapidtemporalvariationsin fadingwirelesschannelgosea sig-
nificantchallengdor space-timenodulatiorandcodingalgorithms.
In this paperwe examinethe performancelegradatiorthatresults
whenfastfadingis encounteredWe considertwo models. First,
we examine a constantchannelof arbitrary length that experi-
encegandomvariationshetweerframes(asmightoccurin atime-
division multiple accesssystem). Second,we adopta modelin
whichthechanneis constanbvereachspace-timeymbolperiod,
but variesbetweernsymbolsaccordingto a first-orderAR model.
For both casesye find a performancdloor at high SNRfor both
trained and differential unitary space-timemodulation. Though
trainedmodulationprovidesanadwantageatlow SNR, differential
codingcanprovide asignificantadvantageat high SNRwherethe
effectsof the changingchanneldominate. Simulationresultsare
providedto supportour analysis.

1. INTRODUCTION

Communicatiorsystemawith multiple transmitandreceve anten-
naspromisehigh datarateswith low probability of error[1, 2].

For the single antennacaseat high signal-to-noiseratio (SNR),
capacityincrease®one hit/s/Hz per threedb increasen SNR.In

contrastfor M transmitandN receve antennasthe capacityin-

creasesnin(M, N) bits/s/Hzperthreedb increasen SNR. This
exciting resultis derived underthe assumptiorthat the recever
knows the Rayleighfadingcoeficient betweereachtransmitand
receve antennaandthatthey areindependentlgistributed.

Knowledgeof thechannekoeficientsatthereceveris anon-
trivial assumptiontypically a training signalis sentfrom which
the channelis estimatedand usedfor decodingsubsequensym-
bols, until the channelhas changedenoughto require training
again. The numberof channelusesT¢ over which the channel
is approximatelyconstanis knowvn asthe coherence interval. As
thenumberof antennasisedandthe speedof fadingincreasethe
fraction of the coherencenterval that mustbe usedfor training
increases.This olviously decreaseshe available datarate, and
motivatesinterestin schemeghat do not requireexplicit knowl-
edgeof thechannekoeficientsattherecever.

Marzettaand Hochwald have studiedsituationswhere nei-
therthe transmittemor recever know the channel3]. Assuming
piecavise-constanthannetoeficients,they proposedignalcon-
stellationscomposeaf unitarymatricesasa meango achieve ca-
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pacity athigh SNR. Thesecanbe seemasmultiple-antenn@ener

alizationsof phase-shifkeying (PSK)for scalarchannelsHughes
[4] andHochwald et al. [5] apply thesesignalsto the unknavn

channeby extendingdifferentialphase-shifkeying (DPSK)ideas
to the multiple antennacase. Tarokh also discussedlifferential
modulationwith orthogonakignalsin [6].

The piecavise-constanmodel for the time-varying channel
coeficientsassumedn thesepaperds usefulfor severalreasons.
It accuratelydescribegshe way a channelmight appeaiin atime-
division multiple accesr frequeng-hoppingsystem andits ef-
fectsaresimpleto analyze.In otherapplicationshowever, its in-
ability to accounfor thememoryof thechannemaleit lessattrac-
tive. To incorporatechannelmemoryinto our analysis we adopt
afirst-orderauto-rgressie (AR) modelfor thetime-variationsof
thechannekoeficients.

We first analyzethe high-SNRperformancef unitary space-
time coding[3, 5] with the piecevise-constanassumption.Then
the AR modelof thetime-varyingcoeficientsis usedto accurately
describecontinuousfading, and provide an explicit SNR ceiling
beyond which increasingpower provides no benefit. For M =
N = 1, our high-SNRerror floor reducesto that of Korn [7].
Our analysisis basedon the use of unitary signal matrices[3],
whichallows usto combinethe AR inputwith theadditive noiseof
thechannekequatiorto effectively createa noisetermwith higher
power.

2. BACKGROUND

In this sectionwe describeblock unitary spacetime codingover
thestandardRayleighfadingchannel We thendiscussapplication
of afirst-orderAR procesgo modelsof the mobile fadingchan-
nel. In whatfollows, we let CA (0, 1) denotea zero-meanunit-
variancecircularly symmetriccomplex Gaussianistribution. We
will call amatrixisotropically distributed (i.d.) if its elementsare
CN(0,1) randomvariables.

2.1. Unitary Space-Time Coding for Rayleigh Fading

This work appliesto a Rayleighflat-fadingcommunicationgnvi-

ronmentwith multiple transmitandreceve antennasEachtrans-
mit antennais connectedwith eachreceve antennathroughan
independentomplex channelcoeficient. Thesechannelcoefi-

cientsare assumedo be independenfrom elementto element
acrossthe antennaarray but dependentvith time. At eachre-
ceive antennajnterferenceandotherdisturbancesddtemporally
andspatiallyindependennoiseto thesignal.
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We formalize thesestatementsising notationsimilar to that
in[5]: form = 1,...,M transmitaandn = 1,... , N receve
antennasattimeinstantst = 1,2,... , T, thechannekoeficient
iS hmon,t ~ CN(0,1). The noisew,, is alsoCA(0,1). Fora
transmittedsignalss,., , the signalat eachreceve antennas writ-

ten
; M
Tin =4/ 7 mEZI hmyn,tSt,m + Wi . Q)

Thevaluesin this expressionare normalizedso that p represents
the SNRexpectedateachreceve antennaanddoesnotdepenchn
the numberof transmitantennas.

The channelequationin (1) allows for differentchannelco-
efficientsat every time instant. One commonsimplificationis to
assumehatthechannels constanfor T consecutie samplesand
expressthe operationof thechannein matrix form:

p
X, =/ LS5 H, + W, 2
af SrHr + W, )

whereX, andW, areT x N matricesconstructedrom z; ,, and

We,n, Sy isaT x M matrix constructedrom s;,,,, andH, is a

M x N matrixformedfrom h.,,». Wereferto S, asthespace-time
symboltransmittedat time , andthe subscripton H, indicates
thatthechannebill, in generalbedifferentfrom symbolto sym-

bol. Modulationandperformanceusingthis modelarediscussed
in [3] and[8] for bothknown andunknavn channels.

A commonassumptioris that the recever knows the chan-
nel. This knowledgeis usually obtainedby transmittingknown
symbolswhichtherecever useso estimatehechannel.This es-
timateis thenusedfor decodingK — 1 subsequensymbolsover
whichthe channeis assumedo be constantWe will referto this
astrained,or knovn channemodulation.

Onemethodof modulatiorwith anunknavn channels differ-
entialunitaryspace-timenodulation[4, 5]. Thisschemeaisesdata
atthe currentand previous time instantsfor encodinganddecod-
ing. Thechanneimatricesareassume@qualattimesr andr — 1
andaredenotedvithoutsubscripby H. Thecurrentsignalmatrix
is aunitaryrotationof the previoussignal;S; = V,_.S-_1, where
zr € 0,...,L— 1 indexestheunitary constellatiormatrix to be
transmitted Usingthesedefinitions,andworking with the current
receveddataX’, thefollowing expressionsreobtainedn [5]:

Xro= ﬁVzTSHH+WT + (1 =1Ve, Wr (3)
= ‘/z.,.X-r—l +W‘r _‘/z-,-WT—l (4)
= V. Xr_1+V2W, . %)

In (3), V., W, _1 isaddedandsubtractedrom (2), resultingin (4)
which doesnotexplicitly dependon H. Finally, becaus¢henoise
matricesarestatisticallyinvariantto multiplicationby unitaryma-
trices,(5) is obtainedwhichis calledthe“fundamentatifferential
recever equation”in [5].

Becausehe effective channel(X’;—1) hassignal strengthp,
the systemhasan effective signalto noiseratio of r = p/2. This
factorof 2 is the multiple-antenn@nalogof the well-known three
dblossin performancevhenusingDPSKversuscoherenPSK.

2.2. Auto-regressive Fading Channel M odel

In Section4, we will analyzethe performanceof differentialuni-
tary space-timenodulationundertheassumptiorthatthe channel

matrix variesaccordingo thefollowing first-orderAR model:
H, =+/aH, | +\V1—aE,, (6)

whereH, andE; arei.d., E, isindependentrom symbolto sym-
bol,@a € R and0 < a < 1. Underthis model,eachelementof
H, haszeromeanandunit variance.

The one-stepAR modelin (6) canbe extendedto predict K
stepsin thefutureasfollows:

H.=Va¥XH._x++/1-aXE; .

However, in this model, E, is temporallycorrelated a fact that
would considerablycomplicateour analysis Insteadwe choosea
simplerapproactin whichthechannels modeledusinganexplicit
K -steppredictorfor eachK:

H, = \/aKHT_K+\/1—aKET , @)

wheretheelementsf £, areCN (0, 1) andtemporallywhite. The
only difficulty with this approachis that somemethodmustbe
usedto choosexk in areasonablavay. We solwve this problem
by matchingthe autocorrelatioriunctionof the AR processgo that
predictedusingJales’ well-knovn model[9].

UnderJales’ model, the autocorrelatiorfunction of a fading
procesSim n,- 1S ran(t) = Jo(2w ft), whereJy(-) is thezeroth-
orderBesseffunctionof thefirstkind, f = f4T5s, fs is the maxi-
mum Dopplerfrequeny in thefadingenvironment,andT is the
samplingperiod. Solvingthe Yule-Walker equationsor ax in the
first-orderAR procesg7) gives

ax = [Thh(TK)
’l"hh((])

The AR modelis a very goodapproximatiorto Jales’ modelfor

realistic(small)valuesof f. Thisfactis borneout by the simula-
tion resultsof Section5, whereexcellentagreementvasobtained
with datageneratedccordingto Jalkes’ model,but analyzedwith

the AR modelusing(8).

2
] = Jo(2TKrf)® . (8)

3. PERFORMANCE FOR THE PIECEWISE-CONSTANT
CHANNEL

The piecavise-constanthannelmodel provides a good descrip-
tion of the time-division multiple accessandfrequeng hopping
channelsandis usefulevenfor slowly fadingprocessef]. Note
thatin [5] and[8], T representshe length of the coherencen-
tenal, aswell asthe lengthof the space-timecodesused. In our
developmentbelon, T will be usedto indicatethe length of the
codesused,while T¢ will indicatethe coherencentenal of the
channelln generalwewill allow T # T¢.

Thereare two sourcesof error for space-timeamodulationin
the Rayleighflat-fadingchannel:channeltime variationsandad-
ditive noise. At high SNR, the probability of errorwill be dom-
inatedby the variationof the channel. If the piecavise-constant
modelholdsexactly andthe SNRis high enoughtheonly timean
errorwill occuris atthetransitionbetweeronecoherencénterval
andanother

Figure 1 illustrateshow training and errors occur with the
piecavise-constanthannelvhentheSNRis high. We assuméhat
the channelis estimatedduring the first symbol of a K-symbol
frame (recall that each“symbol” is actuallyaT' x M matrix of
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Fig. 1. Errorsonthehigh-SNRpiecavise-constanthannel.

transmittedsignaldata). We areinterestedn the probability that
the K'th symbolafterthe startof trainingis in error If thereare
L symbolsin our signalconstellationthenthe symbolsfrom time
Tc (whenthechannekhangeshntil the next trainingintenal are
assumedbo bein errorwith probability(L—1) /L (symbolsin error
areshawvn asshadedn thefigure). Theseerrorsoccurperiodically
with period L¢, theleastcommonmultiple of Tc and KT'. The
Kth symbolis possiblyin errorn — 1 times,wheren = L¢ /Tc¢,
overatotalof m = L¢ /(KT symbolsfor aprobabilityof error
of

n—1 L—-1 1 1
P=—"—-=Z_°"KT(——-—]).
m L (TC’ Lc)

If KT dividesT¢ thenthe training exactly matchesthe co-
herencentenal, andtherewill be no errorsdueto the channel.lf
K = 2, thenwhenTy¢ is odd, P, = (LL’TIC)T, which (aswe will
seein the next section)is the probability of error for differential
coding. Oneinterestingfactis thatwhile the probability of error
atlow SNRdepend®n onthenumberof receve antennast does
notathigh SNR.

For differential unitary space-timemodulationat high SNR,
anerroroccursonceacoherencéntenal, whenthe previouschan-
nelis notthesameasthe currentchannel.The numberof symbols
per coherencentenal is T¢ /T, thusthe probability of erroris
P, = % Note that becauseghe known channelmustuse
trainingto obtaina channekestimatewhichit will usefor K sym-
bols,thehigh-SNRprobabilityof errorfor thetrainedchannelwill
be aboutK timeslargerthanthatfor the unknavn channelatthe
Kth symbolaftertraining. Thisis in contrastto the threedb ad-
vantageof trainedmodulationatlow SNR.

4. PERFORMANCE FOR THE AUTO-REGRESSIVE
TIME-VARYING CHANNEL

Methodsthat estimatethe channelusing training dataimplicitly
assumehatthe channelis piecavise-constanti.e, it is assumed
that the training-basedhannelestimateis “good” until the next
traininginterval. Of courseno wirelesschannelis truly constant
overary timeperiod,andthelongertheintenal sincethelasttrain-
ing datawas sent,the morethe channelestimatewill differ from
thetruth. To moreaccuratelymodelthe effectsof a time-varying
channelwe assumén this sectionthatthechanneis constanbver
eachsymbol, but variesbetweensymbolsaccordingto the first-
orderAR modelintroducedin Section2. Thefollowing theorem
quantifieghereductionin effective SNR (ESNR)thatresultsunder
thistime-varyingchannemodel.

Theorem 1 (ESNR for trained modulation). Giventhedata mo-
del of (2), assumethat the channel varies according to (7) with AR
parameter ax . If unitary space-time modulation is implemented
with a training-based channel estimate, the effective SNR for the

Kth symbol after trainingis

po
1+(1—ax)pT/M

where the subscript 7' on pr indicates trained modulation.

pr(p,ax) = <p, 9)

Proof. The AR modelof (7) is usedto describehow the channel
haschangedsincethe training datawastransmitted.Substituting
thisinto thechanneimodel(2) yields

X, = /ﬁgt(/—aKHt_K+\/—1_aKEt)+Wt. (10)

Becausehe statisticsof ani. d. matrix areinvariantto multiplica-
tion by a unitary matrix, we combineE; andW; by addingvari-
ancedo obtain

X, = /aKﬁSth_K + 1+ pT/MQA = ag)Ws, (11)

whereW, hasthe samestatisticalpropertiesasW;. By normaliz-
ing the equationso thatthe noisehasunit variance we obtainan
expressiorfrom which the ESNRin equation(9) is easilyidenti-
fied:

_ p/Mak

Xt—\/1+pT/M(1—o:K)Sth_K+Wt. (12)

|

Combiningtheeffectsof noiseandchannetime-variationinto
a single parameteprovides a straightforvard link with previous
work thatassumes piecavise-constanthannel.In essencewe
cantreatthetime-varyingcaseusingatime-irvariantchannemodel
with alower effective SNR. The probability of error expressions
andmaximum-likelihooddecodergpresentedn [3, 5] canthenbe
directly appliedby simply replacingthetrue SNR p by the ESNR
pr.
Notethat,in thelimit asthechannebecomesonstanfax —
1), the ESNRcorvergesfrom belaw to the original SNRdueonly
to theadditive noise,asdesired:
lim pr=p.
ag—1
For afastfadingchannethatvariesrandomlyfrom symbolto sym-
bol (ax — 0), thenpr — 0. As the SNRincreasesthe ESNR
becomes functiononly of thefadingparametersandis indepen-
dentof p:
M ag

li -2 )
P = T 1 ag

(13)

This confirmsthe intuition that aswe increasethe power to the
system,errorsdue to thermaland other noisewill becomeless
significant,andperformancewill be dominatedby errorsinduced
by the changingchannel.

Thederivationof the differentialrecever equation(5) in Sec-
tion 2.1 assumeshatthe channels constanfor overlappingperi-
odsof T = 2M timeinstants.A simpleinductive argumentcan
be usedto shav thatif the channels constanfor two symbolsat
symbolr, thenatsymbolr +1 it musthave beenconstanfor three
symbols,andsoon. Clearly therearelimitationsto this assump-
tion: the only way thatit canhold in practiceis if the channelis
in factconstant.In this section,we usethe AR channelmodelto
obtainamorerealisticresult,asoutlinedin thefollowing theorem.



Theorem 2 (ESNR for differential modulation). Giventhedata
model of (2), assume that the channel varies according to (7) with
AR parameter «. If differential unitary space-time modulation is
implemented, the effective SNRis

o
po(p,a) P < g ) (14)

T 1ta+(—a)pl/M
where the subscript D on pp indicates differential modulation.

Proof. Using(2) and(7) with AR parametery, we canwrite

Xy = 1/%ST_IHT_I + W

XT = ‘H %‘/ZTST—I (\/EHT—I + v 1- aE.,) + WT ’

wherewe have usedS, = V,_S._1 for differentialmodulation.
After addingandsubtracting,/aV.. W.._1 we obtain

X, = \/a‘/;,- ( ﬁ151'1'71}:[7'71 + WT*].) +W-+

M
Vie aVz,,/ﬁSHET —aV, W1 .

Noting thatthe termin parentheses X, _1 andthat multiplica-
tion by unitary matricesdoesnot changethe statisticsof the noise
matriceswe obtain

X, =aV., Xr_1 + (\/1 Tatd- a)pT/M) W,. (15)

Normalizingto obtainunit variancenoise,andnoting thatthe ef-
fective channel(X-_1) hassignal power p, theresultin (14) is
established. |

Notethat,asexpectedlim, 1 pp = p/2, and

. M «
pll)ngopu— Tl1-a (16)
Equation(15) is theanalogof (5) in Section2.1. As in theknown
channelcase the effective SNR pp canbe usedin placeof the
true SNRin the probability of errorexpressionsn [3] andin the
capacityexpressionglerived in [8] for differentialunitary space-
time modulation.

5. SIMULATION RESULTS

We have presentednalyticresultsquantifyingperformancdor a
continuouslyaryingfadingchannewith memory aswell asper

formancen thehigh SNRregionfor apiecavise-constanthannel.
We now presentsimulationresultsthat supportour analysis. We
focuson the probability of symbolerrorwhenusingthe diagonal
codespresentedhn [5]. In particular we will useL = 2 signalsin

ourconstellationsvhichconsistsimply of theidentityandnegative
identity matrices.Thoughour resultshold truefor all unitary sig-
nal matrices we usetheseconstellationdecausef the resulting
simpleanalyticexpressiongor probability of error In thefigures
thatfollow, a squareor circle indicatesa simulationresultfor that
SNRvalue. We generatedhannelcoeficientsthat obey the two

channelmodels,andsimulatedthemwith six million symbolsat
eachSNRvalueshawvn to calculateheprobabilityof errorresults.

P, with M=2,N=2,L=2,and a "PWConst" channel model.
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Fig. 2. Resultsfor M = 2, N = 2 with piecavise-constanthan-
nel coeficients.

In Section3, we notedthat for the piecavise-constanimodel
athigh SNR,theperformancef bothtrainedanddifferentialmod-
ulationdependgprimarily onthecoherencgeriodT¢, ratherthan
on SNR. Specificallythe probability of symbolerror with an L
symbolconstellatiorasp — 0is (L —1)/L. ForL = 2, M = 2,
andT = M, the high SNR probability of error for trainedand
differentialmodulationis K(1/T¢c — 1/L¢) and1/T¢c respec-
tively. In Figure2 we seethattheseresultsholdtruein simulation.
In thisfigure,the solid linesinterpolatethe resultsof simulations,
while the dashedine shaws the high-SNRerror floor for differ-
ential modulation. Note thatfor K = 4 the coherencenterval
of Te = 1000 is divisible by TK = 8 sothereis no errorfloor
for trainedmodulation.In this casethereis no point at which dif-
ferential modulationgives bettererror performancehan trained
modulation.

In Sectiord we condensedthe pertinentinformationfrom the
continuouslytime-varyingchanneinto anESNRparametewhich
is afunctionof true SNRandthefirst-orderAR coeficient of the
time-varying channelmodel. Figure 3 illustratesour resultsfor
M = 2 transmitantennas)N = 2 receve antennastrainingin-
terval K = 4, andafadingparameteof f = 0.03. Useof the
ESNRparametewith ax from (8) in placeof thetrue SNRin the
probabilityof errorexpressionsn [3] givestheanalyticresultsfor
trainedand differential modulationshavn with the dashedines.
The solid lines give the resultsof simulationswith channelco-
efficientswhich obey Jales’ model. Our analyticandsimulation
resultsmatchwell for bothdifferentialandtrainedmodulation.

Figure 4 shawvs performanceof differential modulationwith
M = 2, N = 1, K = 3, andusingJales’ modelwith fading
parametersf = [0.05 0.02 0.01]. We seethat asthe temporal
variability of the channeincreasesthe high-SNRerrorfloor also
increasesln addition,the SNR abore which performancés dom-
inatedby thechanneldecreaseasthefadingparameteincreases,
assuggestedy (16). Oursimulationandanalysiamatchverywell,
with thelargestdifferenceat f = 0.05, wheretheassumptiorthat
thechannels constanbver anentiresymbolis lesscorrectthanat
theslower fadingparameterg = [0.02 0.01].



Pe for diagonal codes with M=2,N=2,L=2,and a "Jakes" channel model.
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Fig. 3. Resultfor M = 2, N = 2 with Jaleschannektoeficients.

Pe with M=2, N=1, L=2, K=3, using Jakes channel model.
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Fig. 4. Resultswith severalspeed®f Jaleschannekoeficients.

6. CONCLUSIONS

Previousresearclin space-timenodulationhastypically assumed
channelsthat are constantfor two or more symbol periods. In
this paper we have examinedthe performancedegradationthat
resultswhenthis assumptioris violated. We first obtainedhigh-
SNRprobabilityof errormeasurefor bothtrainedanddifferential
modulationundera piecavise constanthanneimodelfor thegen-
eral casewherethe symbolperiodis not necessarilyequalto the
coherencantenal. It is interestingto note that for this model,
theresultingprobabilityof errorexpressionslo notdependnthe
numberof receize antennasComparisonbetweerthe resultsfor
trainedand differential modulationrevealsthat if the coherence
interval is not a multiple of the training period, then differential
modulationgivesbetterhigh-SNRperformanceThis analysisap-
pliesnotonly whenusingunitarysignalmatricesput to all signals
obeying (2).

Auto-regressie modelingof thechannelariationsallowedus

to derive expressiondor effective SNR (ESNR)thatcombinethe
effectsof the changingchannelandthe additive noiseinto a sin-
gle scalarvalue whenusing unitary signalmatrices. The ESNR
canbeusedin placeof the noise-onlySNRto analyzethe effects
of atime-varyingchannelsingexpressionslerved assuminghe
channetlto be constant.ComparingE SNRexpressiondor trained
and differential modulation,we are ableto determinethe signal
power thatis requiredin orderfor differentialmodulationto out-
performtrainedmodulation.Using probability of symbolerroras
our metric,we validatedour analysiswith severalsimulations.
Futureareasf researchincludeaninvestigationof the capac-
ity obtainedwith thesetwo channelmodels.Work on capacityso
far hasfocusedon the casewerethe lengthof a symbolis equal
to thecoherencéntenal [8]. Allowing the coherencéntenal and
symbollengthto bedifferentwould changeheseresultsaswould
theuseof theAR channemodelassumedh this paper A general-
izationof thepiecavise-constanthannelvith AR variationto one
whichallowsthechanneto changeateachtime samplevouldalso
be usefulfor situationswith a large numberof antennagwherea
longercoherencéimeis required)aswell.
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